We construct detailed AdS 2 gravity solutions describing the teleportation through a traversable wormhole sending a state from one side of the wormhole to the other. The traversable wormhole is realized by turning on a double trace interaction that couples the two boundaries of an eternal AdS 2 black hole. The horizon radius or the entropy of the black hole is reduced consistently with the boundary computation of the energy change, confirming the black hole first law. To describe teleportee states traveling through the wormhole, we construct Janus deformations which make the Hamiltonians of left-right boundaries differ from each other by turning on exact marginal operators. Combining explicitly the traversable wormhole solution and the teleportee states, we present a complete bulk picture of the teleportation in the context of ER=EPR. The traversability of the wormhole is not lost to the leading order of the deformation parameter. We also consider solutions where the teleportee meets the matter thrown from the other side during teleportation, in accordance with the assertion that the bulk wormhole is experimentally observable.
Introduction
There are some renewed interests in AdS 2 space, inspired by the proposal for its correspondence with the four-Fermi random interaction model, known as the SYK model [1] (See [2] for a review). Historically, AdS 2 space has received the attention as the essential part in the near horizon of the extremal black holes. Since the temperature of extremal black holes vanishes and those black holes do not emit the Hawking radiation, those are regarded as stable objects with mass gap, providing an ideal test ground for various methodologies of the microscopic counting of black hole entropy. One might anticipate the concrete realization of ideas or analytic computations on black holes in the context of AdS 2 /CFT 1 correspondence. On the contrary, it turns out to be a bit twisted to construct a meaningful gravity theory on two-dimensional spacetime, since pure Einstein theory becomes topological on two dimensions. Recent developments in the correspondence utilize the freedom in the boundary degrees in the two-dimensional gravity, and so the nearly-AdS 2 space is taken as the bulk background.
Another interesting aspect of AdS 2 space is that it has two boundaries different from the single boundary in its higher dimensional cousins, which may put a hurdle on the direct adaptation of methods in higher dimensional case. However, even in higher dimensional AdS case, it has been known that the eternal AdS black holes provide two boundaries and can naturally be identified with the highly-entangled, so-called, thermo field double states (TFD) in the finite temperature field theory [3, 4] . Recently, this aspect of the existence of two boundaries in eternal AdS black holes and its correspondence with TFD has led to an interesting bulk realization of quantum teleportation: traversable wormhole [5, 6, 7, 8, 9, 10] . By turning on the double trace interaction between two boundaries with a negative energy, it is explicitly shown that the average null-energy condition in the bulk is violated and so wormholes could be traversable. This bulk geometry is argued to be interpreted as the gravity realization of the quantum teleportation in the dual theory. Though the turned-on interaction between two boundaries is taken to be very small admitting its perturbative treatment, it is argued that the bulk deformation caused by the back-reaction renders wormholes as traversable ones.
In this paper, we consider the two-dimensional Einstein-dilaton model with a scalar field and investigate the concrete bulk dilaton dynamics. In this model, one can show by the explicit computation that the dilaton dynamics by the boundary interaction cause the position of the singularity of black holes is moved in a way that the wormhole becomes traversable. One can also show that the horizon radius or the entropy of black holes is reduced consistently with the black hole 1st law. Furthermore, we consider the thermalization and Janus deformation of black holes and show that it could be combined with the two boundary interaction consistently. This could be regarded as the complete bulk realization of the quantum teleportation.
Although this bulk description can be made fully consistent in its own right, there is in general an extra back-reaction effect in identification of its corresponding boundary system. Once there are any excitations from an AdS 2 black hole, identification of the leftright (L-R) boundary time coordinates t L/R as a function of the bulk time coordinate t at regulated L-R boundaries becomes nontrivial. Without any excitations above the thermal vacuum, one has simply t(t L/R ) = t L/R . On the other hand, if the system is excited, this (reparameterization) dynamics becomes nontrivial as was emphasized in Ref. [11] . In this note, we shall show the consistency of our bulk description with that of the boundary side only to the leading order. Of course the full identification of the correspondence requires the formulation introduced in Ref. [11] , which we shall not attempt to do in this note. See also Refs. [8, 10] for the account of teleportation in this direction.
This paper is organized as follows. In Section 2, we present our model and summarize basic black hole solutions and their basic properties. In Section 3, we consider the scalar field perturbation of black holes and its thermalization. In Section 4, we provide a specific time-dependent Janus deformation of AdS 2 black holes and show that one cannot send signal from one boundary to the other in this case. In Sections 5 and 6, we consider the double trace deformation between two boundaries and show that it renders the wormhole to be traversable with the explicit entropy/temperature reduction. In Section 7, we combine our results in previous sections and provide the complete bulk picture dual to the quantum teleportation. We conclude in Section 8 with some discussion. Various formulae are relegated to Appendices.
Two-dimensional dilaton gravity
We begin with the 2d dilaton gravity in Euclidean space [12, 13, 14] 
where
Below we shall evaluate the above action on shell, which would diverge if the boundary is taken at infinity. For its regularization, we introduce a cutoff surface ∂M near infinity.
This requires adding surface terms
where γ ij and K denote the induced metric and the extrinsic curvature. Then the renormalized action (obtained by adding the counter terms) corresponds to the free energy multiplied by β,
where Z is the partition function of the dual quantum mechanical system. The corresponding Lorentzian action takes the form
The equations of motion read
Any AdS 2 space can be realized by the global AdS space whose metric is given by
where µ is ranged over [−
]. The most general vacuum solution for the dilaton field is given by
Using the translational isometry along τ direction, one may set α 1 to zero without loss of generality. We shall parameterize the dilaton field by where we choose b ≥ 0. By the coordinate transformation 12) one is led to the corresponding AdS black hole metric
with φ =φ r . (2.14)
The Penrose diagram for the above black hole with b = 1 is depicted in Figure 1 . They in general describe two-sided AdS black holes. The location of singularity is defined by the curve Φ 2 ≡ φ 0 + φ = 0 in the above dilaton gravity where Φ 2 might be viewed as characterizing the size of "transverse space" [14] . In the figure, we set φ 0 = 0 for definiteness. We now compute the free energy. For this, we go to the Euclidean space where the AdS solution read
The Gibbons-Hawking temperature can be identified as
Note that the Euler number is defined by
which does not require any counter term. The (renormalized) topological term can be evaluated as I
where we used the fact that χ = 1 for the thermal disk geometry. For the evaluation of the rest terms, we cutoff the bulk at
Note that the second term in (2.1) is zero on-shell. Then the remaining term becomes
For the renormalization one has to go to the Fefferman-Graham coordinates. The metric in (2.15) becomes
Therefore the cutoff in z coordinate is related to δ by 24) and then
Subtracting the divergent term from ∆I reg by a counter term ∼ z= √ γ φ, one has
Thus the free energy becomes
The entropy and energy are then
We note that the deformation in b does not play any role in the thermodynamics. In addition, note that the entropy can be written as a Beckenstein formula
As alluded earlier, we shall ignore the effect of φ 0 by setting it to zero since we are not interested in this part of the black hole physics in the following. Below we shall focus on the b = 1 case as our initial unperturbed system in constructing wormhole solutions. Of course, this can be relaxed to a general value of b. The above two-sided black hole in the AdS 2 spacetime is dual to the so-called thermofield double [15] of CFT 1 , which can be generalized to higher dimensions [4] . Without deformation of L-R coupling, the left and the right systems of CF T L ⊗ CF T R are decoupled from each other with Hamiltonians H L = H l ⊗ 1 and H R = 1 ⊗ H r and the corresponding two time parameters t L and t R , respectively. For the thermofield double of CFT, H l = H r = H where H is the Hamiltonian of a CFT. The left boundary time t L runs downward while t R runs upward in the AdS space. This identification is consistent with the coordinate system (2.12) since the orientation of time direction of t in the left side is reversed from that of the right side. Since the orientation of t L is reverse to that of t R , the time evolution of the full system is given by the operator e iH L t L −iH R t R . When we view the full system embedded in a spacetime with extra dimensions with single time evolution, we may choose t R = −t L = t with (undeformed) Hamiltonian
This single time evolution is also relevant when the left and the right systems are coupled, which is indeed the case with our teleportation protocol described below. The initial unperturbed thermal vacuum state is given by a particularly prepared entangled state [4] 
En |n ⊗ |n , (2.34) with a Euclidean evolution operator U = U 0 ≡ e − β 2 H and Z denoting the normalization factor. The left-right entanglement here is maximal for a given temperature T .
Thermalization
In this section we shall construct various full back-reacted solutions describing thermalization of initial perturbations of black holes and investigate their general properties. It will be later on used to understand the dynamics of teleportee through the bulk. We will set = 1 in this and the next section.
In particular, we would like to solve the equations of motion in (2.7). The matter field χ with mass m is dual to a scalar primary operator O ∆ (t), where its dimension is related to the mass by 
may be realized 1 .
The scalar field equation can be solved by [16] 
and C ∆ n (x) denotes the Gegenbauer polynomial defined in [17] . This bulk solution is dual to the deformation of thermofield initial state with a Euclidean evolution operator
where we add a linear combination of operators O ∆ n at the mid-point of the Euclidean evolution where O ∆ n 's denote the primary operator O ∆ and its descendants [18] . The Hamiltonian of the boundary system is undeformed on the other hand. 1 For the double trace deformation discussed in Section 5, in particular, we shall consider the operator of dimension ∆ = ∆ − which is ranged over (0, To see what this deformation describes, we need to look at the dilaton part whose identification will complete the fully back-reacted gravity solution of (2.7). Here we shall consider only n = 0 case for the sake of an illustration. One may write the n = 0 scalar solution as
without loss of generality. The corresponding dilaton solution can be found as
whereL = L + δL, b = 1 + δb and F (a, b ; c | z) denotes the hypergeometric function [17] .
We have added here a homogeneous solution that is consistent with the symmetry of the perturbation under µ → −µ. To see its asymptotic structure in the region µ → ± π 2
, we shall use the following relation
In the asymptotic region, the solution becomes
which will be compared to the black hole solution (2.11) . This black hole is symmetric under the exchange of the left and the right as illustrated in Figure 2 . The new temperature of the system is given byT 10) and the parameter b on the right side can be determined by
leading to δb = 2πGγ
where we assume that δL is of order Gγ 2 . Finally the shifts of the singularity in τ coordinate at the L-R boundaries can be identified as where +/− respectively denotes the upper/lower singularities in the Penrose diagram. Therefore as illustrated in Figure 2 , the corresponding Penrose diagram is given roughly by a rectangular shape where the length of the horizontal side is larger than the vertical size. Hence the right side is causally further away from the left side and of course the L-R boundaries are causally disconnected from each other completely. As will be illustrated further below explicitly, the vev of operators O ∆ (t) R can be identified. Here and below, L/R in the expectation value represents that the operator of interest is acting on the left/right side Hilbert space. One finds in general that any initial perturbations of states will decay away exponentially in time. As was noted previously for the other dimensions [18] , these solutions are describing thermalization of excited states above the thermal vacuum. This late-time exponential decay implies that the classical gravity description is inevitably coarse-grained [18] , whose nature in the context of the AdS/CFT correspondence is explored in [19] .
The bulk matter field is dual to the operator of dimension ∆ = 1. Its solution reads χ = γ cos µ cos τ , (3.14)
where we set τ C = 0 for simplicity. Then the vev can be identified as 15) which is describing the thermalization with the dissipation time scale
. The metric remains to be AdS 2 while the dilaton becomes
The bulk matter field is dual to the operator of dimension ∆ = 3 2 . Its solution reads
where we set τ C = 0 for simplicity. Then the vev can be identified as 18) which is describing the thermalization with the dissipation time scale
. The dilaton becomes
This matter is dual to the scalar operator of dimension ∆ = 2. The solution reads 20) by setting τ C = 0 again. The vev then becomes
which describes the thermalization of an initial excitation. The dilaton becomes
4 Janus two-sided black holes
In this section, we shall describe Janus deformations [20, 21, 22] of AdS 2 black holes. These deformations basically make the Hamiltonians of the left-right boundaries differ from each other by turning on an exactly marginal operator 2 . The bulk scalar field χ with m 2 = 0 is dual to the exactly marginal operator denoted by O 1 .
Eternal Janus
We begin with a simple Janus deformation given by
whereL is arbitrary and b will be fixed as a function ofL and the deformation parameter γ later on. From the asymptotic values of the scalar field, we find that the L-R Lagrangians are deformed as
with source terms
Further using the standard dictionary of AdS/CFT correspondence, the vev of operators O 1 can be identified as
with the temperature given by
The dilaton part of the solution is left-right symmetric under the exchange of µ ↔ −µ. The parameter b can be identified as
where −/+ signature is the left/right side respectively. The corresponding Penrose diagram is depicted on the left of Figure 3 where the deformation of the singularity (φ = 0 trajectory) is denoted by wiggly red lines. It is clear that the L-R systems are still causally disconnected from each other completely. Using the AdS/CFT dictionary developed in [21, 22] , the corresponding thermofield initial state can be constructed with a Euclidean evolution where H l/r denotes the CFT Hamitonian obtained from L L/R respectively. It is straightforward to check that the vev of the operator O 1 , obtained from the field theory side using the thermofield initial state and its time evolution, does indeed agree with the gravity computation in (4.4). Now by taking κ 0 = π 2
, only H l on the left side is deformed while the Hamiltonian on the right side remains undeformed. We introduce the reduced density matrix
where we trace over the left-side Hilbert space. Without Janus deformation, one has ρ R (t) =
1 Z e −βH , which is the usual time independent thermal density matrix. With the Janus deformation of H l , one can view that the initial density matrix ρ R (0) is excited above the thermal vacuum. The deformation also makes the left-right entanglement nonmaximal. This excitation is relaxed away exponentially in late time, which is basically describing thermalization of initial excitations. This explains the late time exponential decays of the vev in (4.4). The relevant time scale here is the dissipation time scale
. Finally note that the scaleL is arbitrary. One can view that this scale is set to be there from the outset t R/L = −/ + ∞. Hence, although there is a time dependence in the vev, the system itself defined by H l/r is certainly time independent. 
Excited black holes
We would like to consider a solution that describes a change of system, beginning with a thermal state which is in equilibrium, and see its subsequent time evolution. To be definite, we shall only perturb the left side system at the moment by turning on the source term of an exactly marginal operator O 1 at some global time τ = τ 0 . In particular we shall consider a source term given by
while s R (τ ) remains unperturbed in this example. We depict the functional form of the source term in Figure 4 . The corresponding scalar solution reads
where we introduce global null coordinates u = . As depicted on the right side of Figure 3 , only the left boundary is initially deformed, whose effect is propagating through the bulk in a causally consistent manner. The resulting bulk perturbation falls into the horizon and ends up with hitting future singularity which makes the dilaton part back-react. It never reaches the right-side boundary as dictated by the bulk causality. This is also clear from the field theory side since there is no interaction at all between the L-R systems and then no way to send any signal from one side to the other in this manner. To see the changes in the global structure of the spacetime, we turn to the description of the resulting changes in the dilaton field. We shall denote its extra contribution produced by the perturbation by ϕ and thus the full dilaton field becomes
Initially one has ϕ = 0 until v becomes v 0 , so everything happens after v 0 . For v 0 ≤ v ≤ v 1 , the corresponding bulk stress tensor is nonvanishing and the resulting dilaton solution reads
For v > v 1 , the bulk stress tensor vanishes and the dilaton solution becomes
which takes the form of the homogeneous one in (2.10). Therefore the full solution in this region becomes the form of pure AdS 2 black hole described by
Here, g γ is our perturbation parameter defined by g γ = 4πGγ 2 φL and K denotes
One findsL ≥ L at least to the leading order in g γ where we used the fact 0
. Hence the Beckenstein-Hawking temperature of the resulting black hole increases after the perturbation. Though the scalar perturbation parameter γ can take either signs, the dilaton perturbation parameter g 0 is always non-negative definite. Thus the change in temperature ought to be independent of the signatures of the scalar perturbation parameter γ. This perhaps reflects the fact the dual field theory side has to be strongly coupled to have a gravity description. In the gravity side, the black hole solution is independent of turning on a constant moduli parameter described by the constant part of the scalar field. This is consistent with the fact that our dilaton gravity description corresponds to the strong coupling limit of the boundary quantum system. We shall not explore any further details of the above aspect in this note, since we are more concerned in the other aspects such as teleportation.
One finds b = 1 due to the perturbation and the shift parameter of the singularity is nonvanishing only in the left side. It can be identified as
which is certainly negative definite as expected. Thus we conclude that one cannot send a signal from one side to the other using the above perturbation since the L-R sides are causally disconnected with each other. This is quite consistent with the field theory side since no interaction between the left and the right boundaries is turned on. We depict the resulting global structure on the right of Figure 3 . Finally one may consider more general form of perturbation where the scalar solution takes the form
where i γ L i = 0 and we order v i such that v i+1 > v i . Of course one may consider the perturbation
where again i γ R i = 0 and we order u i such that u i+1 > u i . This is describing the perturbation where the signal is sent from the right boundary. The only changes is we flip the L-R sides by the transformation µ ↔ −µ. The corresponding dilaton perturbations can be identified straightforwardly for the both types. When the both perturbations are present, interestingly one can get the corresponding solution by a simple linear superposition
where ϕ L/R is denoting the dilaton solution with the scalar field χ L/R respectively 3 . Thus the solutions in the above describe rather general perturbations of the black hole system. We shall use these constructions to describe teleportees in later sections.
Double trace deformation and stress tensor
In this section we consider the back-reaction in the dialton field by the 1-loop stress tensor of the bulk scalar field χ with the boundary condition which is related to the double trace deformation of the boundary theory. The bulk free scalar field χ in AdS space can have the asymptotic behavior r −∆ ± along the radial direction r where the fall-off power ∆ ± is given by (3.2). When −1/4 < m 2 < 0, both modes of the power ∆ ± become normalizable and their duals may be realized as unitary scalar operators. In particular ∆ − is ranged over (0, 1 2 ), which allows us to consider the double trace deformation in the dual boundary theory [24, 25, 26] . In the following we set ∆ ≡ ∆ − and then ∆ + = d − ∆. In this case, one may consider a general mixed boundary condition such that the boundary values of two modes become proportional.
In our context for the coupling between the left and right boundary operators, the asymptotic behavior of the scalar field in the right/left wedges in the Penrose diagram is given by
and the mixed boundary condition corresponds to
According to the AdS/CFT correspondence for the double trace deformation [25] , this solution corresponds to the deformation of the Hamiltonian in the boundary theory given by
where O R,L are scalar operators of dimension ∆ dual to χ. This is a relavant deformation of dimension 2∆ and the coupling h(t) has dimension 1 − 2∆. Now suppose that h(t) = 0 when t < t 0 so that we turn on the deformation at t = t 0 . Then, as in the BTZ case [27, 7] , the leading correction to the bulk 2-point function is expressed in the interaction picture as where the coordinate r is suppressed for simplicity. Here we are interested in the violetcolored right wedge in Figure 5 which is the intersection of the spacelike region of the point t L = −t 0 at the left boundary and the timelike region of the point t = t R = t 0 at the right boundary. In particular, we are not interested in the green-colored region deep inside the horizon which is timelike from both boundary points at t R/L = ±t 0 . Then we can calculate F (t, t ) in the large N limit by noting that O L commutes with χ R due to causality,
The first correlation function containing O L may be expressed in terms of the bulkboundary propagator (B.1) in the appendix by use of the KMS condition [28, 29, 30, 15 ] 6) and the second factor yields the retarded function (B.8). Thus,
The 1-loop stress tensor can be computed through the bulk 2-point function G(x, x ) as
where we have to subtract the singular expressions in the coincident limit. As in the BTZ case [7] , the zeroth order term in h gives a vanishing contribution to dU T U U on the horizon V = 0. A nonvanishing result is obtained with the first order correction (5.4). In the following, we assume that h(t) is a nonvanishing constant only in the interval [t 0 , t 1 ],
where h is constant. In Kruskal coordinates, we find
where F (U, U ) is given by 
Traversable wormholes
In this section we compute the back-reacted deformation of the dilaton field through the 1-loop stress tensor by the coupling between the left and right boundary operators. We will follow closely the steps in Ref. [7] while some aspects could be addressed more concretely. One can see the reduction of the horizon radius and the uplift of the position of the singularity compared before the deformation. As a result, one can check that the thermodynamic 1st law holds in our setup, in addtion that wormholes become traversable. Some formulae are relegated to Appendices for readability. On the initial condition 5 of infalling matters such that T U V (U, V ) = 0 for any value in the range of U ≤ U 0 , the solution to (2.7) of dilaton field φ, sourced by the stress tensor T ab , can be shown to become (see Appendix A) φ =φL cos τ cos µ + ϕ ,
Note that, in terms of the global null coordinates with the change of a variable P = tan p, the dilaton field solution could also be written as
By inserting the expression of T U U in (5.10) to (6.1), one can show, after some calculation, that the deformation of the dilation field φ is given by (see Appendix B)
where w is defined by
and U f is defined in Eq. (5.12). Through the change of a variable tan s ≡ (S − 1/S), the above solution can also be written as
where w and s f /0/1 are given by
Now, let us consider the near boundary region µ π/2 after turning off the L-R coupling h, at which the singularity meets the right boundary of AdS 2 . Note that this limit corresponds to w = 1 in the incomplete Beta function B w (a, b). By using the expansion of B w (a, b) around w = 1, the deformed dilaton field in the above limit becomes
where α s and α c are given by
Combined with the homogeneous part of the solution, the full solution becomes
We would like to understand the deformation of this geometry and the structure of the singularity in the asymptotic region of our interest. We compare this with the general form of the static black hole solution These parameters could also be read from (B.44) and (C.2) in Kruskal coordinates directly which we have done to the linear order in Gh. Since the static black hole is characterized by the temperature only as we discussed in section 2, one relevant physical parameter is δL that is related to the temperature T + δT with δT = 1 2π δL 2 . The other relevant physical parameter is the shift of singularity identified as
This expression may take either signs. We shall choose h positive where the shift becomes positive-definite. It then tells us that the wormhole becomes traversable since the position of the singularity is uplifted in the right wedge as can be seen from Figure 6 by the amount ∆τ R + . Since our configuration is left-right symmetric under the exchange of µ ↔ −µ, one has ∆τ R + = ∆τ L + both of which are denoted as ∆τ in Figure 6 . Note also that the expression of α s is effectively identical to the expression of the averaged null energy condition violation ∞ U 0 dU T U U . In this manner, one can send a signal from one side to the other through the wormhole now. This wormhole parameter is monotonically increasing as a function of z 0 ∈ [0, 1]. This implies that the earlier the L-R interaction starts, the bigger the traversable gap opens up, which is in accordance with our physical intuition. Its maximum is attained at z 0 /z 1 = 1/0 corresponding to U 0 /U 1 = 0/∞ or t 0 /t 1 = −/ + ∞. In our two-dimensional model of black holes, the energy E R could be identified with the black hole mass M , and the black hole entropy change can be read from the change of horizon area as
to the leading order in Gh taking the small variation limit. Note that, once t 0 ≥ 0, the horizon radius is reduced by the amount δL = 8πḠ φL α c < 0 and the Beckenstein-Hawking temperature will be reduced accordingly as well. This reduction of the horizon radius is consistent with the entropy reduction in the measurement process during the quantum teleportation, which is argued to be dual to the traversable wormhole. To see the consistency of this change of the horizon radius, let us return to the energy change by the deformed Hamiltonian in the boundary theory. Using expression for the black hole energy (or mass) in (2.31), the change in energy is identified as
In fact this expression can be confirmed directly from the boundary computation as follows. Note that, along the method in the Ref. [7] , the change of energy by the Hamiltonian deformation is given by
where we use the undeformed thermofield initial state defined in (2.34) with U = U 0 . Further noting U i = e Lt i / 2 in the right boundary, it is then obvious that the first law holds in our limit δE R = δM = T δS . (6.14)
We find that δE R or δS becomes positive if 0 ≥ t 1 > t 0 but the wormhole is still traversable. This behavior is related to thermalization of perturbation as suggested by the time dependence in (6.13) shows exponential decaying behaviours with the dissipation time scale given by
. This earlier perturbation still makes wormhole traversable while the perturbation is allowed to be thermalized enough to have an increased total entropy of the system. Of course by the first law, the corresponding change of energy should be positive. The overall picture here is nothing new. We just make its bulk description direct and quantitative.
Finally one may show that, to the leading in h, our traversable wormhole solution in this section is indeed consistent with that from the boundary reparametrization dynamics in [8, 10] . See Appendix E for the detailed comparison.
Full bulk teleportation
In this section, we shall present a simple teleportation model in the boundary side and various bulk solutions which include a traversable wormhole and a teleportee state traveling through the wormhole from the left to the right boundaries.
Teleportation is sending a quantum state to a remote place via EPR entanglement channel. Let us give its elementary introduction here. Alice on the left side would like to teleport a qubit
from the left to the right boundaries. We model the L-R entanglement by an EPR pair
where i, j, k, θ 1 , θ 2 = 0, 1. This |T is added to the left side at some point. One then represents the left side system in a new basis spanned by
each of which is maximally entangled. With this new basis, the full system can be represented by
3 with σ 1,2,3 denoting the standard Pauli matrices. Now Alice makes a measurement in the M basis ending up with a particular state |θ 1 θ 2 M and sends its result {θ 1 , θ 2 } to Bob on the right side via an extra classical channel. This classical channel is completely independent of our bulk. At this stage the total state becomes
Once Bob gets the message, he performs a unitary transform of his state by the action V θ = U {θ 1 θ 2 } and then the resulting state becomes
This completes the quantum teleportation of |T from the left to the right. Of course one can consider more general setup where one has an L-R entanglement involving many qubits and teleports more than one qubit. In particular when one uses our EinsteinRosen bridge as the L-R entanglement based on the so called ER=EPR relation [31] , there will be in general a thermailzation of |T state after its inclusion to the left side. Measurement can be made by picking up an arbitrary qubit of L system and forming a maximally entangled basis where we assume |T is one qubit. After the measurement, Alice again sends the result of measurement to Bob. Bob then recovers the |T by the action of an appropriate unitary transformation. For more detailed discussions, we refer to Ref. [9] . A few comments are in order. First of all, the measurement in general makes the L-R entanglement reduced and the L-T system entangled instead. The second essential feature is the L-R coupling by the measurement M θ L on the left side and the recovery action V θ R on the right side. This coupling basically makes the wormhole traversable as we verified in the previous section.
We now turn to our bulk description. We shall basically combine the traversable wormhole in (6.3) and the bulk-traveling solution (4.10). As was done in Ref. [8] , we would like to suppress any higher loop corrections in our computation. For this purpose, we shall introduce K θ dimension ∆ and K T dimension one operators respectively for the L-R coupling of the traversable wormhole and the teleportee degrees and excite them altogether coherently. We shall fix parametersγ 2 andh which are defined bȳ
while taking large K T,θ limit. This then makes any possible higher loop corrections suppressed. The combined solutions can be presented in the form 
Sincehα s is positive definite with our choice h > 0, the wormhole becomes traversable. Then one may send a signal from the left to the right while the wormhole is traversable. Therefore the |T state added to the left side will appear on the right side which is the teleportation from the left to the right boundaries. One finds that the wormhole opening parameter ∆τ + R is dependent in general on the degrees and details of the teleportee. We would like to take v 1 ≤ ∆τ + R 2 such that no information is lost into the singularity behind the horizon. Since the added contribution to Q c by the teleportee is given bȳ
which is always positive definite. Then there is a corresponding increase of the black hole entropy and mass, which may be used as a criterion about how many qubits are transported 8 .
Let us now turn to the case where Bob also throws a matter into the horizon from the right. In our case, this matter wave is again described by the massless scalar field introduced in Section 4.2. Namely, we consider the left-moving wave
in addition to the L-R coupling and the teleportee of Solution A. Here of course we take
]. The resulting full system is described by the following. Solution B: For the region v 0 ≥ v ≥ 0 and u ≥ max u 1 ,
, the dilaton is described by
(7.14)
For the region v ≥ v 1 and u ≥ max u 1 ,
, the dilaton parameters are given by
When the perturbation from the right side is too strong such that
the wormhole is no longer traversable since ∆τ + R of the solution in (7.14) becomes non positive. Of course, one has then a usual two-sided black hole system where any perturbations thrown into horizon hit the future singularity inevitably. If the extra matter Figure 7 : The full bulk teleportation with additional matters thrown into the horizon from the right side. The teleportee will be affected by this bulk encounter. Again the shape of the upper singularity is not precise as it may be curved in general.
thrown into the black hole from the right side is not too big such that the condition (7.16) is violated, the wormhole remains traversable and the teleportee can be sent from the left to the right sides through the wormhole. It is clear that the teleportee will meet the matter from the right side while transported. It can record and report this encounter to Bob on the right side. Hence one may conclude that the bulk wormhole is experimentally observable, which was emphasized in Ref. [9] .
As was mentioned in the introduction, in this note we have ignored any possible back-reaction effect caused by the bulk excitations. Once there are any excitations, identification of the time coordinate t L/R of the boundary system as a function of the bulk time coordinate t becomes nontrivial. Without any excitations, one has an identification t(t L/R ) = t L/R for the AdS black holes of Section 2. With excitations, the reparametrization dynamics t(t L/R ) can be nontrivial, which is one of the main points of Refs. [11, 8] . Indeed the presence of the bulk teleportee will make the t(t L/R ) dynamically nontrivial. Hence this back-reaction effect has to be taken into account 9 . In order to fix the action of the L-R interactions in the presence of this back-reaction effect, one then has to modify the L-R coupling strength h in an appropriate manner. For a given L-R interaction specified by the boundary time t L/R , one may ask if there is a limit in the number of qubits that can be teleported [8] . In our formulation, we are not able to show this limit which requires the identification of t(t L/R ). Alternatively one may ask the following to see the above limitation in our formulation. Namely one may effectively makesh together with the number of qubits of the teleportee state small enough such that the above back-reaction effect is negligible. In this situation, one might be able to see the above limitation. For this, we takeh 1. Then clearly ∆τ
The resulting change in the entropy due to the presence of the teleportee will be of O(γ 2h2 ) since
Since Solution A has the dependence on the parameterγ 2 (v 1 − v 0 ), which we would like to keep as small as O(h) to control the approximation. (The entropy change is the order of the back-reaction effect O(h 2 ) which we have ignored in our approximation.) At any rate, the teleported bits are too small and it is not possible to see any limitation in this manner. Further study in this direction is required.
Conclusions
In this note, we have described a complete bulk picture of the quantum teleportation through a traversable wormhole in the two-dimensional dilaton gravity with a scalar field. First, we have constructed various full back-reacted solutions describing perturbation of a black hole and its thermalization. To realize a teleportee state, we have considered a specific time-dependent Janus deformation of AdS 2 black hole where only the left boundary is initially deformed but the effect is propagating through the bulk obeying the causality. This solution by itself cannot be used to send signal from one boundary to the other because the dilaton back reacts in the way that the signal hits the future singularity before reaching the other side of the boundary. This is consistent with the field theory side since L-R systems are completely decoupled from each other and hence there is no way to send any signal from one side to the other. The situation, however, changes if we turn on the double trace interaction between two boundaries which violates the average null-energy condition in the bulk. It renders the wormhole traversable and, to the leading order, the traversability can be maintained in the presence of the teleportee state. We have solved of the equation of motion for the dilaton for a general stress tensor. It allows us to identify the relevant parameters which are responsible for the transversability and the change of the horizon area. The entropy is changed consistently with the black hole first law. Our solutions have then further be extended to include extra matter thrown into the the black hole from the boundary that the teleportee would reach. The teleportee would meet the matter during transportation, which shows that the bulk wormhole is experimentally observable.
In this note, we have not attempted to include any possible back reactions in identification of the boundary time coordinates t L/R as a function of the bulk time coordinate t. Though our bulk solutions are fully consistent in their own right, we need a precise identification of t(t L/R ) in order to have their proper boundary interpretation. Indeed it is clear that the naive identification t(t L/R ) = t L/R for the AdS black hole should be modified in the presence of the bulk teleportee and other bulk interactions. This would require the formulation of Ref. [11] and further study is needed in this direction.
where the energy-momentum tensor T ab satisfies the conservation ∇ a T ab = 0. Explicitly,
3) can readily be integrated to obtain the general solution of φ(U, V ). In the following we will set 8πG = 1. Due to the conservation equation (A.4), there are several different ways to express the solution. One way is to express it in a symmetric way with respect to U and V ,
where we have omitted the homogeneous solution φ hom without the source T ab . This homogeneous solution may be given, for constants α i , as
which is the same expression in (2.10) rewritten in the Kruskal coordinates. Note that two of constants α i could be set to zero by using the SL(2, R) isometry of AdS 2 space. In the following, we will set α 0 =φL, α 1 = α 2 = 0, which corresponds to b = 1 and τ B = 0 in (2.11) andφ is taken as unity,φ = 1, just for brevity. It is straightforward to check that this solution satisfies (A.3). Now, we present an asymmetric form of the dilation solution, which contains a single integral. Note that a component of the conservation equation ∇ a T ab = 0 is given by
whose integration leads to
By multiplying (U − t)(1 + tV ), one can see that
Inserting the above expression of (U − t)(1 + tV )T U U (t, V 0 ) into the previous symmetric form of the dilaton solution and then integrating over t-variable, one can see that the dilaton solution is also written in a single integral expression as follows:
(A.9)
Note that, by taking the initial condition such that T ab (U, V ) = 0 for any U ≤ U 0 , the solution of dilaton field φ in (A.9) reduces to
where we have dropped the homogeneous part φ hom (U, V ) as before.
B Some formulae
In the AdS 2 space, the bulk-to-boundary propagator K ∆ for conformal dimension ∆ is given by [16] 
1) when (r, t) is spacelike separated from t at the boundary. For timelike separation, t − t should be changed by t − t − i in this expression.
It is also useful to rewrite K ∆ in the global coornates. First we introduce a distance function
2)
The expression appearing inside the square bracket of (B.1) can be obtained by taking r to the right boundary lim r →∞ L r σ(r, t|r , t ) = lim µ →π/2 cos µ cos τ σ(r, t|r , t )
In order to calculate the propagator χ R (t, r)O L (−t ) with the KMS condition (5.6), we need to consider lim r →∞ L r σ(r, t|r , −t + iβ/2) = cos(τ − τ ) + sin µ cos µ cos τ .
where K r ∆ is the retarded function
By using the formula of the one-loop expectation value of stress tensor [32] from the 2-point function G(x, x )
it is tedious but straightforward to obtain T U U for the expression (A.10). Explicitly, the steps go as follows. Firstly, using the following trick [7] lim
where H 1,2 (U ) are defined by
A straightforward computation from equation (5.11) leads to
where G is defined by
Now, one may note that the dilaton field in (A.10) becomes
where we used H 1 (U 0 ) = 0. Inserting the expressions of H 1,2 (P ) in (B.13) and (B.14) to the above expression of the dilaton field, one can show that
One can further simplify the above expression by noting that φ 1,2 could be organized as
where we have defined
Let us compute φ 2 , firstly. By changing the integration order as 20) and then by the change of a variable 21) and one can show that
where F 1 (α ; β, β ; γ | x, y) denotes the Appell hypergeometric function (See [33] for a brief introduction of Appell functions). One may note the relation of the Appell hypergeometric function to the ordinary hypergeometric function, which holds when its arguments satisfy β + β = γ, as
As a result, one can see that
Note that w is symmetric under the exchange of U and V . By the same change of the integration order in (B.20) and the change of a variable in (B.21), one obtains
, where we have used the relation in (B.23). By using the property of the hypergeometric function 27) where w has been introduced in (B.25). Now, one can see that
Inserting the resultant expressions of φ 1,2 given in (B.28) and (B.24) into the expression of the dilaton field ϕ in (B.16) and using the following relation among hypergeometric functions given by
one obtains, finally,
where w is given in (B.25) and B w (a, b) denotes the incomplete Beta function [17] 
We would like to emphasize that the integrand in the above expression of ϕ(U, V ) is symmetric in U and V because w is symmetric in those variables. The asymmetry in U and V comes from the integration, which corresponds to the initial condition in our setup. When the left-right boundary interaction is turned off at t = t 1 (t 1 ≥ t 0 ), one can take the integration range over [U 0 , U 1 ] instead of [U 0 , U ] in the above expression as can be inferred from the fact that the turn-off effect could be incorporated as the subtraction of the same integral expression over the range [U 1 , U ] if U > U 1 . In the following, we focus on this case for definiteness.
Noting the identity of the incomplete Beta function
one may observe that the integrand for the dilaton field expression could be written as
From the definition of w in (B.25), it is also useful to note that
Using the above observations, one can see that the dilaton field expression is given by
where ϕ i 's are defined by
By using the integral representation of the incomplete Beta function
one can see that ϕ 1,2 are given by the closed forms as follows Now, one can notice that the integrand expression for ϕ 3 becomes very small in the limit and so ϕ 3 term could be ignored. As a result, one can write
Finally, note that the higher order corrections can be written as O(cos 2∆ µ) (B.45)
by using the fact (1 + U V ) ∝ cos µ.
C Dilaton Deformation in Kruskal coordinates
In this appendix we consider the position of the singularity on the left/right wedges in the Kruskal coordinates. Recall that the position of the black hole singularity could read from φ(U, V ) = 0. Before the deformation, it is given by U V = 1, as can be seen from the expressions of the homogeneous solution φ hom (U, V ) in Kruskal coordinates
By adding the back-reacted deformation effect on the dilaton field, one obtains
where α s and α c could be read from ( 
E Relation to the boundary action
In this section, we will set = L = 8πG = 1. The effective boundary action corresponding the bulk action is known to be given by [8, 10] S = dũ − φ l tan τ l (ũ) 2 ,ũ − φ r tan τ r (ũ) 2 ,ũ + g 2 2∆ τ l (ũ)τ r (ũ) cos 2 τ l (ũ)−τr(ũ) 2
, (E.1)
where φ l = φ r can be identified withφ in the bulk. In the following, we would like to clarify the relation of the boundary timeũ and the bulk Rindler wedge time t in Eq. (2.13). More correctly, there are left/right Rindler wedge times t l/r , whileũ denotes the simultaneous intrinsic boundary time in both boundaries. In our setup, one may set t(ũ) ≡ t r (ũ) = −t l (ũ) + O(g). By using the relation between the global time τ and t, one can see that the equations of motion is given, up to the relevant order, bȳ . As in the bulk, the coupling g is chosen such that g = g 0 θ(t−t 0 )−θ(t−t 1 ) , and then the coupling g 0 could be identified with the bulk parameter h with an appropriate numerical factor. For t < t 0 , the solution of the above equations of motion is given by t(ũ) =ũ. Since the coupling is taken as g 0 1, it would be sufficient to consider the perturbative solution, for the range t 0 < t < t 1 , as t (ũ) = 1 + g 0 F (ũ) + O(g The constants in A and B are chosen in such a way that t (ũ) becomes t (ũ) = 1 at t = t 0 . By recalling the cut-off at the right boundary taken as one can check that the expressions in Eq. (E.5) and Eq. (E.6) from the boundary and the bulk, respectively, match completely.
